General Linear Model with Correlated Errors

Assume that we have a series of n observations, y=(y,,...,Y,) and p regressors
X;..., X, , Where x isarow vector with n elementsand i =1,..., p. We can model y asa
function of the x ’'susing the General Linear Model and write

y=Xp+e&

where X =(X,...,X;) and Bisa px1 column vector of regression coefficients, to be

estimated. p

Assume that ¢ is afirst-order autoregressive process (“AR(1)”). Thaetis, & =ag_,+n,
where a is the autocorrelation parameter and n is white noise, ~ N(O, 0'2) Further
assume that |a|<1, so that ¢ isa stationary process. It can be shown that the following
isthe joint probability of the n observations:
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P(y|B,a,0,r0):®lje_ 207 [1]

where r. aretheresiduals r, = y, — X,p, withX, denoting thei" row of X. This density is
conditioned on the residual at the unobserved timei = 0O, r,, which is arandom variable
with Gaussian distribution

P(r,|8.a,0)=N (0,0'2/(1— az)) [2]

Sincethetimei = 0 is unobserved, it is desirable to integrate r, out to obtain alikelihood
function that depends only on a, 3, o, andr,,r,,...,r,. It can be shown that doing so
resultsin the following identity:

P(v|B.a.0)=[P(y|8.a.0.5)P(r|B.a.0)dr,
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Problem: given [1] and [2], prove[3].



